We theoretically investigate the excitation dynamics in a photon-fluid with both local and nonlocal interactions. We show that the interplay between locality and an infinite-range nonlocality gives rise to a gapped Bogoliubov spectrum of elementary excitations which, at lower momenta, correspond to massive particles (phonons) with a relativistic energy-momentum relation. In this regime and in the presence of an inhomogeneous flow the density fluctuations are governed by the massive KleinGordon equation on the acoustic metric and thus propagate as massive scalar fields on a curved spacetime. We finally demonstrate that in the non-relativistic limit the phonon modes behave as self-gravitating quantum particles with an effective Schrödinger-Newton dynamics, although with a finite-range gravitational interaction and a non-zero cosmological constant. Our photon-fluid represents a viable alternative to BEC models for "emergent-gravity" scenarios and offers a promising setting for analogue simulations of quantum gravity phenomenology and semiclassical gravity.
I. INTRODUCTION
Analogue gravity models provide a powerful test-bed for several aspects of classical and quantum field theories in curved spacetime [1] [2] [3] . The general idea is that under appropriate conditions the elementary excitations in condensed-matter systems evolve as fields on a curved spacetime induced by the medium. The paradigmatic example is provided by sound waves in an inhomogeneous flowing fluid [4, 5] . In spite of the fact that the background fluid is non-relativistic, the elementary excitations of the flow (phonons) experience a curved spacetime: their evolution is governed by the Klein-Gordon equation for a massless particle in a curved background, whose geometry is specified by a Lorentzian metric tensor (acoustic metric). As a result, the phonon dynamics exhibits an effective Lorentz invariance with the local speed of sound playing the role of the speed of light. The coefficients of the acoustic metric depend on the fluid density, which determines also the sound speed, and the flow velocity. Hence, by tailoring the properties of the flow it is possible to simulate gravitational spacetimes and related phenomena, such as e.g. Hawking radiation, superradiance and cosmological particle production.
Analog-gravity scenarios have been proposed and realized in a variety of physical systems, including BoseEinstein condensates (BECs) [6, 7] , surface waves [8] , supefluid 3 He [9] and Fermi liquids [10] , dielectrics, [11, 12] , moving-and nonlinear-optical media [13] [14] [15] and excitonpolariton condensates [16, 17] . Signatures of the Hawking process have been reported in different setups [18] [19] [20] [21] [22] [23] [24] and in a recent experiment the observation of superradiance has been achieved [25] .
As an alternative to the above systems, photon-fluids have recently attracted considerable attention. Photon fluids belong to the family of the so-called quantum fluids of light [26] , together with exciton-polariton and photons BECs [27] . While the last two are drivendissipative systems based on nonlinear optical cavities, photon fluids simply rely on the nonlinear propagation of light. A laser beam propagating through a self-defocusing medium can be described in terms of a weakly interacting Bose gas, where the repulsive photon-photon interaction arises from a third-order nonlinearity [28, 29] and the propagation coordinate acts as an effective time variable. Recent experiments in these systems provided evidence of collective many-photon phenomena, such as superfluidity and its breakdown [30, 31] and nonequilibrium precondensation of classical waves [32] . In analogy with BECs, the collective excitations of the mean flow (i.e. small ripples of the transverse optical field) propagate according to the Bogoliubov dispersion relation [33] , as recently demonstrated in thermo-optical [34] and Kerr media [35] . As a consequence, for the longer wavelengths a Lorentz invariant, phononic regime takes place where sound-like waves propagate with a constant speed determined by the photon fluid density. The latter is proportional to the optical intensity while the background flow velocity is controlled via the gradient of the phase profile. All these features make these systems particularly suitable for the realization of analogue gravity experiments [36] [37] [38] [39] [40] [41] [42] [43] [44] .
All the above systems are generally characterized by a gapless dispersion relation at small momenta [45] typical of massless collective excitations. Therefore most of the theoretical research in this area, and all ongoing experiments, have naturally focused on the simulation of massless fields propagating through a curved spacetime. A notable exception is the work by Visser and Weinfurtner [46] who first proposed a method to give rise to a spectrum of massive relativistic particles in a BEC system. The model describes a two-component BEC with an additional Raman coupling which deformes the spectrum of normal-mode excitations. Interestingly, in appropriate conditions one of the two phonon modes remains massless while the second acquires effective mass. Subsequent investigations by Liberati and co-workers introduced a modified BEC Hamiltonian with an U (1) symmetry-breaking term [47] . This modification provides a mass to the excitations and gives rise to a kind of analogue gravitational dynamics. Remarkably, the gravitational potential is sourced by (a function of) the density distribution of the excitations which thus play the role of the matter in this system. These are important extensions with respect to usual analogue models, since such massive excitations fields could enable simulations of quantum-gravity phenomenology [48] and emergentgravity scenarios [49] .
In the following we consider a photon-fluid model for light propagating in a defocusing medium with both local and nonlocal optical nonlinearities. At difference with the purely local case, the first-order excitations satisfy a massive version of the Bogoliubov dispersion relation in a Bose gas, with the nonlocal term being the massgenerating mechanism. For the longer wavelengths, the spectrum approximates that of a massive particle with a relativistic energy-momentum relation and, in the presence of inhomogeneous flows, the density fluctuations are described by the massive Klein-Gordon equation on the acoustic metric, thus closely mimicking the propagation of massive scalar fields on a curved spacetime. Even more importantly, in the non-relativistic limit the phonons behaves as massive, self-gravitating quantum particles: their dynamics obeys the Schrödinger equation in a gravitational potential whose source depends on the phononic mass density distribution via a modified Poisson equation. Unlike the Newtonian theory, we find that the range of the gravitational interaction is finite and a cosmological constant is also present. In spite of these significant differences with respect to standard gravity, such photon fluid nonetheless remains an interesting workbench for analogue simulations of semiclassical gravity scenarios. Most analogue-gravity models indeed are dealing with massless excitations that in Newtonian theory cannot act as sources of a gravitational field. This system is thus one of the very few in which a form of semiclassical gravitational dynamics can be shown to emerge.
II. PHOTON FLUID MODEL AND ELEMENTARY EXCITATIONS
The propagation of a monochromatic optical beam oscillating at angular frequency ω in a 2D nonlinear medium can be described within the paraxial approximation in terms of the Nonlinear Schrödinger Equation (NSE) [50] 
where E is the slowly varying envelope of the optical field, z is the propagation coordinate, k = 2πn 0 /λ is the wavenumber, λ the vacuum wavelength and n 0 is the linear refractive index. The laplacian term ∇ 2 E defined with respect to the transverse coordinates r = (x, y) accounts for diffraction and ∆n is the nonlinear optical response of the medium. For a local (Kerr) defocusing nonlinearity, ∆n = n 2 |E| 2 with n 2 > 0, Eq. (1) is formally identical to the 2D Gross-Pitaevskii equation for a dilute boson gas with repulsive contact interactions, where the optical field E corresponds to the complex order parameter and the intensity-dependent refractive index ∆n provides the interaction potential. The dynamics takes place in the transverse plane (x, y) of the laser beam so that the propagation coordinate z plays the role of an effective time variable t = (n 0 /c)z, where c is speed of light in vacuum.
We consider an optical medium with both local and nonlocal third-order nonlinearities ∆n(|E| 2 , r, z) = n 2 |E| 2 +n nl |E| 2 , wheren nl is the convolution operator
with γ being a coefficient that depends on the specific nonlocal process and R(r, z) is the medium response function. In the following we take n 2 > 0, since local repulsive interactions are required to observe a dynamically stable photon fluid on which sound waves can propagate, while θ = 1(−1) corresponds to a defocusing (focusing) nonlocal term, respectively. The optical nonlocality originates from the fact that the nonlinear change in refractive index at any given position depends both on the local and on surrounding field intensity through the convolution kernel R. Similar nonlinear responses arise in semiconductor materials with both Kerr and thermo-optical nonlinearities [51] , nematic liquid crystals with competing orientational and thermal effects [52] and appear also in BECs with simultaneous local and long-range (e.g. dipolar) interactions [53, 54] .
The corresponding hydrodynamic formulation of the NSE is obtained by means of the Madelung transform E = ρ 1/2 e iφ ,
where the optical intensity ρ corresponds to the fluid density and v = c kn0 ∇φ ≡ ∇ψ is the flow velocity. On the right-hand side of (4), the first term provides the local repulsive interactions related to the positive bulk pressure P = c 2 n2
The second one gives rise to a nonlocal interaction potential, while the last term, directly related to diffraction, is the analogue of the Bohm quantum potential whose gradient corresponds to the so-called quantum pressure.
A. Bogoliubov-de Gennes equations and excitation spectrum
The first-order complex fluctuations ε(r, t) of the optical field can be described in terms of Bogoliubov excitations on top of the photon fluid. Linearizing Eq.
(1) around a background solution, E = E 0 (1 + ε + ...) with E 0 = ρ 0 e iφ0 , we obtain the nonlocal Bogoliubov-de Gennes equations
in which we have defined the usual comoving derivative ∂ T = ∂ t + v 0 · ∇, with v 0 = c kn0 ∇φ 0 , and the spatial differential operator ∂ S = 1 ρ0 ∇ · (ρ 0 ∇ ). In the spatially homogeneous case where both the background density ρ 0 and velocity v 0 do not depend on the transverse coordinates, the plane-wave solutions of Eqs. (5)- (6) satisfy the dispersion relation
. (7) where K is the wavenumber of the mode, Ω = Ω ′ − K · v 0 its angular frequency in the locally-comoving background frame andR is the three-dimensional Fourier transform of the response function R(r, z). We remark that here the angular frequency Ω ′ actually corresponds to the longitudinal wavenumber K z expressed in temporal units via
In analogy to purely local BECs and photon-fluids [36] , we define in Eq. (7) the sound speed c ρ 0 and the healing length, ξ = λ 0 /2 √ n 0 n 2 ρ 0 as the characteristic length separating the linear (phononic) and quadratic (single-particle) regime of the dispersion relation for γ = 0. The length ξ defines the critical wavenumber K c = 2π/ξ associated to the breakdown of Lorentz invariance, generally expected to occur in quantum gravity phenomenology at the Planck scale. Low energy modes with K ≪ K c propagate at the invariant universal speed c s , while at higher momenta K ≫ K c the terms arising from quantum pressure become dominant and the group velocity of excitations increases with K.
Within the paraxial approximation and in the presence of nonlocal processes with negligible longitudinal dependence, the main contribution to the non-locality comes from the K-dependence of and we can thus safely assumeR(K, n 0 Ω/c) ≃R(K, 0). This is indeed the case of thermo-optical nonlinearities dominated by the transverse diffusion of heat [34, 55] that we will discuss in the next sections. From now on, we shall ignore the zdependence of R.
We finally observe that on the basis of Eq. (7) wave propagation for focusing nonlinearities θ = −1 is allowed only for wavenumbers K such that Ω 2 > 0, i.e.
. Negative values of Ω 2 corresponds to exponentially-growing modes characteristic of linearly-unstable flows. In the defocusing case θ = −1, the system is neutrally stable to perturbations of all wavenumbers, hence supporting travelling waves.
III. THERMO-OPTICAL NONLOCALITY AND MASSIVE EXCITATIONS
The functional form ofR(K) depends on the specific nonlocal process under consideration. A case of particular interest is provided by light propagation in thermo-optical media, where the change of refractive indexn nl ρ = n th arises from the temperature increase to the residual laser absorption. The heat diffuses through the material and eventually across the boundaries of the medium. As a result, the shape of the response function will strongly depend also on the transverse boundary conditions [56] . This might open interesting perspectives in experiments since it could be possible to tailor the nonlocal response of the medium, e.g. by acting on the geometry of sample, in order to modify the dispersion (7) and in turn the physical properties of the collective excitations [30] .
In the limit of an infinite medium in the two transverse dimensions n th is coupled to the optical intensity through the stationary heat equation [57, 58] 
where κ is the thermal conductivity of the material, α its linear absorption coefficient and β = |∂n th /∂T | is the change in the refractive index with respect to the temperature. The heat equation (8) dictates that the corresponding range of the nonlocal interactions between photons is infinite [58] . The nature of the nonlinearity (focusing or defocusing, leading to attractive or repulsive interactions) depends on the sign of β. Here we take the absoulute value |β| since the sign is already considered in (2) by the coefficient θ). Fourier transforming n th = γθR(r) * ρ and Eq. (8) one can readily verify thatñ th = γθR(K)ρ = α|β| κK 2ρ and thusR(K) ∝ 1/K 2 . This implies that the convolution integraln nl ρ is, up to a constant, the solution of Eq. (8) with R(r) being the Green's function of the 2D Laplacian operator. Hence, the following relation holds:
A. Defocusing nonlocal nonlinearity: massive phonons UsingR(K) = α|β| κγK 2 in Eq. (7) and considering a defocusing nonlinearity θ = 1 we find
where Ω 0 = c α|β| κn 3 0 ρ 0 has indeed the dimensions of a frequency. Hence, we can thus identify Ω 0 with the rest energy of a particle and write Ω 0 = mc 2 s , where m is the rest mass and c s plays the role of the light speed. Defining the excitation momentum p = K and the critical momentum p c = K c = h/ξ, Eq. (9) can be rewritten in the form
The properties of the above dispersion strongly depends on the thermo-optical coefficients of the material used to produce the photon fluid. Here we are interested in investigating the regime in which p c ≫ mc s . In this case, Eq. (10) is a generalization of the Bogoliubov dispersion relation describing massive collective excitations with high-energy, Lorentz-violating corrections. Similar modified dispersion laws with extra momentum-dependent terms appear in several phenomenological approaches to quantum gravity, where p c is typically associated to the Planck momentum [59] . The dispersion curve (10) interpolates between three different regimes depending on the fluctuations momentum.
When p ≫ p c , the quartic term dominates and Eq. (10) approximates the free-particle behaviour E ≈ c s p 2 /p c . Using the above definitions of p c and c s and the photon momentum p γ = n 0 k we get E ≈ cp 2 /(2p γ ) (or equivalently E ≈ p 2 /2m γ introducing an effective photon mass m γ = p γ /c). Therefore in analogy with BECs, the excitation energy tends to the energy of the individual particles forming the background fluid, i.e. in our case the photons.
In the intermediate regime, mc s p ≪ p c , we obtain the "relativistic" dispersion relation for a massive particle E ≈ p 2 c 2 s + m 2 c 4 s , with the speed of sound playing the role of the speed of light. These are collective excitations exactly like usual phonons in local quantum fluids, but possessing a finite rest mass.
At lower momenta, p ≪ mc s , the phonon modes enter the non-relativistic regime: the energy-momentum relation reduces to E ≈ p 2 /2m + mc 2 s , where the first term is the kinetic energy of a particle of mass m and the second its constant rest mass energy.
We notice that the rest frequency Ω 0 depends only on the strength of the thermo-optical (nonlocal) nonlinearity. The latter is thus responsible for the generation of the gap in the dispersion relation and hence for the excitation mass. On the other hand, the "invariant" limit speed c s is determined solely on the local defocusing effect.
The rest frequency Ω 0 can also be expressed in terms of the sound speed as Ω 0 = c s α|β| κn2 = c s /λ C . The characterisitic length-scale λ C , given by the square root of the ratio between the local and nonlocal coefficients, corresponds to the acoustic analogue of the reduced Compton wavelength of the particle λ C = /(mc s ). The inverse of this length defines the above non-relativistic limit through K ≪ λ −1 C and, as we shall see in Sect. V, it provides also some of the fundamental characteristic scale of the emergent gravitational force.
We conclude the section briefly discussing a more realistic model of the thermo-optical nonlinearity [30, 60, 61] given by − ∇ 2 n th + n th σ 2 = α|β| κ ρ (11) in which the effects of the distant boundaries has been included in the distributed loss term −∆n th /σ 2 , where σ is the length-scale of the nonlocal interaction.
Eq. (11) allows us to continuosly describe the transition from an infinite-range to finite-range thermo-optical nonlocality and has provided a theoretical framework for the phenomenological Lorentzian response adopted in previous experiments (see e.g. Refs. [34, 40] ). The Fourier-transformed response associated to (11) 
where we introduced the nonlocal momentum p nl = /σ. The above response kernel reduces to the ideal form of the infinite space model γR(K) = ( α|β| κ )/K 2 in the limit of (σK) ≫ 1. Such a regime can be achieved by using background optical beams comprising wavevectors only of K ≫ 1/σ, as demonstrated in [55] where a nonlocal thermo-optical nonlinearity with (σK) ≈ 20 has been achieved. In this case p ≫ p nl , and Eq. (12) well approximates the massive Bogoliubov dispersion (10). However, for finite p nl the two relations will eventually differ at arbitrarily low momenta, as the gap in (12) arises only in the singular limit of an infinite-range nonlocality, p nl = 0 (σ → ∞).
B. Focusing nonlocal nonlinearity: Jeans instability
For θ = −1 the hydrodynamic equations Eq. (3)- (4) together with Eq. (11) describe a quantum fluid with local repulsive and finite-range attractive interactions. In the ideal case of an infinite medium the model reproduces the nonlinear evolution of a self-gravitating BEC [62] , where the nonlocal change of refractive index n th solution of Eq. (8), mimics a Newtonian potential generated by the fluid mass density. In the absence of local interactions, Eq. (1)- (8) are indeed formally equivalent to the Schrödinger-Newton (SN) equation [55, 63] , originally proposed by Diosi [64] and Penrose [65] as a model for quantum wave function collapse (see also [66] for further discussion).
Concerning the dynamics of elementary excitations, in the more general case the dispersion relation reads
The negative sign in front of the rest-energy term originated from to the attractive photon interactions gives rise to two fundamentally different behaviours at high and low momenta. The critical wavenumber K = K J separating these two regimes is implicitly defined by the condition at which the wave frequency (energy) vanishes,
For high wavenumbers K > K J , the local repulsive interactions and the quantum pressure are sufficiently strong to countebalance the nonlocal attractive forces and the waves are freely oscillating. In the opposite case, we have growing excitation modes revealing the linear instability of the system (see also Refs. [67, 68] for a discussion in self-gravitating BECs).
In the hydrodynamic (Thomas-Fermi) approximation (K ≪ K c ) and for (σK) ≫ 1, Eq. (14) simply reduces to the ordinary Jeans instability condition, where K J corresponds to the Compton wavenumber of the particle
C . In astrophysics such instability is thought to be responsible for the collapse of interstellar gas clouds eventually leading to star formation.
In the stable regime, K > λ −1 C , and for K ≪ K c Eq. (13) yields the tachyonic dispersion relation E ≈ p 2 c 2 s − m 2 c 4 s , with real energy and momentum and imaginary rest mass. Excitations of any wavenmuber in fact propagate at supersonic group velocities, with the invariant c s being now a lower limit for propagation speeds. From now on we will focus on the fully stable case of a photon-fluid with defocusing non-local nonlinearity.
IV. INHOMOGENOUS FLOWS AND MASSIVE KLEIN-GORDON EQUATION
For purely local interactions γ = 0, a formal equivalence can be established between phonons propagating on top of the photon fluid and the evolution of scalar fields in curved spacetime [36] . The equation of motion is typically derived by linearizing Eqs. (3)-(4) around a background state since phonons, i.e. the acoustic elementary excitations, are defined as the first-order fluctuations of the quantities describing the mean fluid flow:
. When the terms arising from quantum pressure are negligible, the phonon dynamics is fully described by a single secondorder equation for the linearized velocity-potential which has the form of the Klein-Gordon equation for a massless scalar field
propagating in a (2+1)-dimensional curved spacetime whose geometry is described by the acoustic metric g µν , with inverse g µν and determinant g,
where I is the two-dimensional identity matrix. The above scenario is deeply modified in the presence of both local and nonlocal nonlinearities. In this context it is convenient to derive the acoustic metric directly from the nonlocal Bogoliubov-de Gennes equations (5)- (6) .
To this end, we apply the operator (∂ T +i c 2kn0 ∂ S )( 1 ρ0 ) to Eq. (5) and we obtain
As in the local case, we remind that the gravitational analogy holds in the phononic regime in which the dispersion relation takes the relativistic form with a limit propagation speed, i.e. for wavenembers K ≪ K c . The corresponding equation for the excitation field can thus be obtained by ignoring the higher-order spatial derivatives in Eq. (17), which indeed are responsible for the Lorentzbreaking, K 4 -terms in the dispersion relation. A close inspection of Eq. (17) suggests that such approximation corresponds to take the diffractionless limit k → ∞ [44] or, equivalently, neglect the quantum pressure terms arising from the linearized hydrodynamic equations [36] . In this limit Eqs. (3)- (4) indeed reduce to the Navier-Stokes equations for a barotropic, irrotational and inviscid fluid, in which the Lorentz simmetry associated to phonon dynamics is not explicitly broken [5] .
Under this approximation and using the fact that the background density ρ 0 satisfies the continuity equation (3) with v=v 0 , Eq. (17) can be re-written as
where
is precisely the d'Alambertian operator associated with the acoustic metric g µν . In the purely local case γ = 0, we recover the usual Klein-Gordon equation for a massless particle on curved spacetime, here described by the complex field ε. For a spatially homogeneous background, with constant density ρ 0 and flow velocity v 0 = c kn0 ∇φ 0 , the dependence from ε * is eliminated and Eq. (18) becomes
It is immediate to verify that the Fourier transform of Eq. (18) leads to the dispersion law (7). The complex fluctuations ε can be easily linked to the real density and phase perturbations though the relations ρ 1 = ρ 0 (ε+ε * ) and φ 1 = (i/2)(ε * −ε). By means of these expressions and using the relation between the optical phase and velocity-potential of the flow, ψ 1 = (c/kn 0 )φ 1 , one can split Eq. (18) into the following system of waveequations
For local fluids γ = 0 Eq. (21) reduces the massless Klein-Gordon equation (15) for the velocity-potential perturbations ψ 1 and an equation of the same form is satisfied also by the relative density fluctuations ρ 1 /ρ 0 . In the ideal case of infinite-range thermo-optical nonlinearity, the response function satisfies γ∇ 2 R(r) = −(α|β|/κ)δ(r − r ′ ). Using this result and considering a nearly homogeneous background density, Eq. (22) takes the form of the massive Klein-Gordon equation in curved spacetime
V. EMERGENT GRAVITATIONAL DYNAMICS
In the previous sections we have seen that phonon excitations in our system behave as massive particles with a relativistic energy-momentum relation. In the presence of inhomogeneous flows we also derived a massive KleinGordon equation on the acoustic metric for the density fluctuations that thus reproduce the evolution of massive scalar fields on a curved spacetime. The spacetime curvature which mimics the gravitational field arises from the inhomogeneity of the background, whose dynamics however is governed by a non-relativistic nonlinear equations (cf Eq. (1) or, equivalently, Eqs. (3)- (4)). As such the analogy works only at the kinematical level: the fluctuations propagate in a given background solution associated to a specific spacetime configuration. All effects due to gravitational back-reaction are neglected, i.e. the spacetime geometry is not modified by the perturbations propagating on it. While under certain conditions it is possible to extend the analogy and include in a geometric framework even the evolution of the background [69] [70] [71] , there is no possibility in general to describe the dynamics of the acoustic metric in terms of something similar to Einstein's equations. The situation changes if one considers relativistic models and interesting progresses in this direction have been made, e.g. in the framework of relativistic BECs [72] .
Nevertheless, as mentioned before a kind of gravitational dynamics may emerge even in a non-relativistic BECs upon suitable modifications of the standard equations to break the U (1) symmetry associated with the conservation of particle number [47] . In such a modified BEC model, the massive excitations feel a Newtonian gravitational potential whose source is related to the excitation density.
In the following we show that a similar scenario arises also in our nonlocal photon-fluid.
A. The Newtonian limit
In Sect. IV we treated the general case of an inhomogeneous background, i.e. of an arbitrary curved spacetime simulating a generic gravitational field. As discussed before, since the background dynamics is non-relativistic we expect to find at most a kind of Newtonian gravity, as previously shown in other non-relativistic frameworks [47] . We thus focus on a nearly-homogeneous background corresponding to a weak gravitational field because, in analogy to the weak-field approaximation of General Relativity (GR), is in this limit that a Newtonian-like gravity is expected to emerge.
In GR the weakness of gravitational field allows for the decomposition of the metric into a flat Minkowski spacetime, η µν , plus a small perturbation g µν = η µν + h µν , |h µν | ≪ 1 where h µν represents the weak deviations from flatness g µν i.e. the gravitational field. In this regime the Newtonian potential is related to the metric though the equation g 00 = η 00 + h 00 ≃ −(1 + 2Φ N /c 2 ), which follows from a non-relativistic limit of the geodesics equation [73] .
In analogy to the above, we consider a photon fluid with zero-flow and a spatially-localized inhomogeneity in the density, i.e. E 0 = ρ 1/2 ∞ (1 + u(r)) with u ≪ 1 and u → 0 at infinity. We thus assume that only a small region of the fluid deviates from the constant asymptotic value of the density ρ ∞ . This implies a rescaling of the speed of sound c 2 s = c 2 ∞ (1 + 2u(r)) and thus of the 00-component of the acoustic metric (16). Here we assume without loss of generality deviations in the density only, since velocity perturbations do not contribute at first order to the anologue gravitational potential [47] .
B. Non-relativistic phonon dynamics
In order to show the emergence of a gravitational potential term we should derive the equation of motion for excitations in the non-relativistic regime of the Bogoliubov spectrum, i.e. when p ≪ mc ∞ , and for an homogeneous background except for the small densityinhomogeneity u(r).
To this end, we start directly from the nonlocal waveequation (18) for the complex excitation field ε. Setting ρ 0 = ρ ∞ (1 + 2u(r)) and v 0 = 0 we get
In deriving (24) we disregarded terms containing the spatial derivatives of u(r) and the products u(r)∇ 2 ε. The former are negligible in the asymptotic region and the latter are suppressed by both by the smallness of u and by the fact that we are interested into the non-relativistic
where we have defined the asymptotic rest frequency Ω ∞ = c ∞ α|β|/κn 2 . The non-relativistic limit p ≪ mc ∞ (or equivalently, c ∞ → ∞) means that the kinetic energy of the particle should be small with respect to its mass energy Ω ∞ = mc 2 ∞ . Making the ansatz ε = ϕexp(−iΩ ∞ t) to factor out the rest frequency (i.e. the contribution to the total energy due to the rest energy of the particle) we can approximate [74] 
Substituting the above expression into Eq. (25) we get the Schrödinger equation for a particle of mass m
subject to an external potential proportional to u(r). The latter can be formally identified as a gravitational potential defining Φ G = c 2 ∞ u(r).
C. Modified Poisson equation
In the previous section we have found that the low-energy evolution of massive phonons obeys the Schrödinger equation for a nonrelativistic quantum particle in an external potential Φ G . Our interpretation of Φ G as a gravitational potential is based on the way it enters in the Schrödinger equation and because it is related to the 00-component of the acoustic metric, similarly to the Newtonian potential in the weak-field approximation of GR.
In this framework we should find that in the appropriate limits Φ G also obeys a kind of Poisson's equation [75] .
Following the same argument of Ref. [47] , since the Newtonian potential is the manifestation of small deviations of the order parameter E from perfect homogeneity, the corresponding Laplace's equation should be encoded in the nonlinear evolution equation (1) . On the other hand, we expect the source term to be directly related to the phononic fluctuations. Indeed in Newtonian gravity the only source for the gravitational field is a mass-density distribution and in our system this can originate only from the massive elementary excitations. As a result, the non-relativistic massive phonons should experience a kind of gravitational potential generated by themselves, i.e. they should feel their own gravity.
This self-interaction can thus be derived from the nonlinear equation Eq. (1), but adding the corrections to the mean-field dynamics induced by the fluctuations, in order to see how the phonons backreact over the background fluid.
Backeaction effects arise from averaging second-order perturbations of the background and can be calculated expanding Eq. (1) up to second order, E = E 0 +η 1 +η 2 = E B + η 1 : here η 1 and η 2 are linear and quadratic quantities in the fluctuation amplitude, respectively, and we introduced new variable E B including the modifications to the zero-order dynamics, that is to say the backreaction [76] .
Substituting the above ansatz in Eq. (1) with ∆n = n 2 |E| 2 + γR * |E| 2 we obtain
where ∆n B = (n 2 +γR * )(|E B | 2 +2Re(E * B η 1 )+|η 1 | 2 ) and we used the effective time coordinate t = (n 0 /c)z.
Since E B consists only of zero-order and second-order terms in the fluctuation amplitude, all linear quantities in η 1 must vanish. What remains is a nonlinear evolution equation for E B in which the fluctuations appear quadratically
The zeroing of the linear fluctuation terms leads to the Bogoliubov-de Gennes equations (5)-(6) upon substituting η 1 = E 0 ε and E B = E 0 . The backreaction equation for the mean-field is obtained by averaging (28) and replacing the fluctuating quantities with their mean values. For γ = 0, the averaged (28) closely resembles the modified GrossPitaevskii equation with beyond-mean-field corrections due to both quantum and thermal fluctuations [77] [78] [79] . In this context the quadratic terms n(r) = |η 1 | 2 , and m(r) = η 2 1 play the role of the density of non-condensed particles (i.e. the "out-of-condensate" photons) and the anomalous density in the Bogoliubov-Popov-Beliaev approximation. The quantities γ η 1 R * Re(E * B η 1 ) and γR * |η 1 | 2 provide further corrections due to nonlocality.
∞ (1 + u(r)) with u ≪ 1 in the averaged Eq. (28) yields
where g(r) = η 1 R * Re(η * 1 ). In the ideal case of our interest of infinite-range thermo-optical nonlinearity and applying the operator c 2 /(2kn 0 )∇ 2 to both sides of Eq. (29), we get
where here in the definition of the critical wavevector K c = 2π/ξ ∞ we used the asymptotic healing length ξ ∞ = λ/2 √ n 0 n 2 ρ ∞ . Eq. (30) can be interpreted as a modified fourth-order Poisson equation for the potential Φ G , provided that we are able to identify the right-hand side with a genuine source term. To this end, we remark that n, m and g are quadratic terms in η 1 , i.e. they have the dimension of a photon-fluid mass-density and are related to the phononic excitations through the relation η 1 = E 0 ε. Therefore, they can be safely interpreted as a source of the gravitational field.
In contrast to Newtonian gravity, (30) contains the additional terms
coefficient, the first term suggests modifications of the Poisson equation which would become increasingly important as the analogue of the Planck scale ξ ∞ is approached. Since in the nonrelativistic limit here considered we are dealing with long-wavelength modes with λ ≫ ξ ∞ (K ≪ K c ) the variations of Φ G over spatial scales of order ξ ∞ can be neglected. The second term Φ G /λ 2 C denotes a finite range for the gravitational interaction, with a characteristic length scale given by λ C . Such a finite interaction scale for gravity would traslate into a massive graviton with a mass that in our model corresponds to that of the massive phonons. A further comparison with the Newtonian limit of Einstein equations allows us to identify the quantity 1/2λ 2 , which indeed has the dimension of the square of an inverse length, with a cosmological constant Λ. Finally, in the right hand side of the Eq. (30) it is natural to define the analogous of the universal gravitational constant G = 
where we introduced the mass-density distribution
We note that Eq. (32) could be further simplified because in the non-relativistic limit λ 2 K 2 ≪ 1 the first laplacianterm is less relevant with respect to the others. However, such approximation is of little consequence in our discussion. Similarly to the rest energy also the Newton constant can be expressed solely in terms of the strength of the nonlocal nonlinearity, G = (c 2 /n 3 0 )(α|β|/κ). The nonlocal nonlinearity is thus responsible for the emergent gravitational interaction.
Eq. (26) and Eq. (31), mutually coupled via the relations η 1 = E 0 ε and (32) actually gives rise to an effective Schrödinger-Newton dynamics describing the evolution of a quantum mass density experiencing its own gravitational field [66] , although here the source is a complicated function of the mass-density distribution and the gravitational interaction is characterized by a short interactionrange and a nonzero cosmological constant.
VI. CONCLUSIONS AND FUTURE PERSPECTIVES
Quantum fluids of light such exciton-polaritons BECs and more recently photon fluids have offered alternative platforms for fundamental studies of quantum manybody physics. Recent experiments in these systems provided evidence of collective many-photon phenomena, such as the emergence of a phonon-regime in the Bogoliubov dispersion [34, 35] , superfluidity and nucleation of quantized vortices in the flow past a physical obstacle [30, 31] and classical wave condensation [32] .
Here, we have theoretically investigated a photon-fluid with both local and nonlocal interactions from the analogue gravity perspective. We have found that collective excitations in this system display a gapped Bogoliubov spectrum which at low energies correspond to that of massive phonons with a relativistic energy-momentum relation. In the presence of an inhomogeneous flow the dynamics of the density fluctuations is equivalent to that of a massive scalar field propagating in a curved spacetime whose geometry is specified by the acoustic metric. This generalizes previous studies in local fluids to the case of massive phonons and provides a quite natural setting for analogue simulations of quantum gravity phenomenology.
The massive nature of the elementary excitations allows us to study their nonrelativistic dynamics in nearlyhomogeneous background that, as explained, corresponds to the case of a weak gravitational field. In this limits we find that the phonon-modes behave as a self-gravitating quantum system. The evolution equations are indeed the Schrödinger equation for a massive quantum particle, including a term that represents the interaction of the particle with its own gravitational field, and a kind of Poisson equation with a source depending on the phononic mass-density distribution. In analogy to the Newtonian limit of GR, the potential in the Poisson equation is related to the background geometry (namely to the 00-component of the metric) experienced by the particles propagating on it. Since most of analogue models are dealing with massless excitations that in the framework of Newtonian gravity cannot act as sources of a gravitational field, our system is one of the very few in which a form of semiclassical gravitational dynamics can emerge.
One of the next stages of this investigation will focus on the design of realistic experimental schemes for the implementation of such photon-fluids. Apart from the analogue-gravity side, we expect these experiments to be interesting also from the perspective of the quantum fluids of light, as the interplay between local and nonlocal nonlinearities with different -possibly tunable-kernels could unveil new collective many-photon phenomena and hydrodynamic phase transitions.
